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Abstract
In [R. Colpi, K.R. Fuller, Tilting objects in abelian categories and quasitilted rings, Trans. Amer.
Math. Soc., in press] tilting objects in an arbitrary abelian category H are introduced and are shown
to yield a version of the classical tilting theorem between H and the category of modules over their
endomorphism rings. Moreover, it is shown that given any faithful torsion theory (X ,Y) in Mod-R,
for a ring R, the corresponding HeartH(X ,Y) is an abelian category admitting a tilting object which
yields a tilting theorem between the Heart and Mod-R. In this paper we first prove that H(X ,Y) is
a prototype for any abelian category H admitting a tilting object which tilts to (X ,Y) in Mod-R.
Then we study AB-type properties of the Heart and commutations with direct limits. This allows us
to show, for instance, that any abelian category H with a tilting object is AB4, and to find necessary
and sufficient conditions which guarantee that H is a Grothendieck or even a module category. As
particular situations, we examine two main cases: when (X ,Y) is hereditary cotilting, proving that
H(X ,Y) is Grothendieck and when (X ,Y) is tilting, proving thatH(X ,Y) is a module category.
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In order to generalize the notion of a finitely generated tilting module, in [8] the notion
of a tilting object in an arbitrary abelian category H was introduced. In that paper a tilt-
ing theorem is proved, showing that any tilting object V provides a counter equivalence
between the torsion theory (T ,F) generated inH by V and the corresponding “tilted” tor-
sion theory (X ,Y) in Mod-R, with R = EndH V . Any tilted torsion theory is faithful (i.e.,
RR ∈ Y). Conversely, given any ring R and any faithful torsion theory (X ,Y) in Mod-R,
then (X ,Y) is shown to be tilted by means of a tilting object in a suitable cocomplete
abelian category H(X ,Y) (see [8, Section 4]).
The category H(X ,Y) is called the Heart associated with (X ,Y), and it is a triangu-
lated full subcategory of the bounded derived category Db(Mod-R). Precisely, the objects
of H(X ,Y) are bounded complexes X such that H−1(X) ∈ Y , H 0(X) ∈X and HiX = 0,
for all i = 0,−1.
In [3] it was originally proved that H(X ,Y) is an abelian category. Moreover, setting
V = R[1] it turns out that V is a tilting object inH(X ,Y) and the torsion theory generated
by V tilts to the original torsion theory (X ,Y).
In this paper we continue the study of this situation.
Section 1 is introductory, mainly to recall notation, definitions and basic results.
In Section 2 we show that H(X ,Y) is a prototype for any abelian categoryH admitting
a tilting object V which tilts to (X ,Y) in Mod-R, i.e., any abelian category which tilts to
the same torsion pair is equivalent to it. This is obtained as a consequence of the fact that
two abelian categories with tilting objects which tilt to the same target (X ,Y) are (Morita)
equivalent. This widely extends a result contained in [12].
In Section 3 we study AB-type properties of the Heart, which now we know to be shared
by any abelian category H admitting a tilting object V ; in particular, we prove that they
are AB4-categories. Denoting by HV and H ′V the functors H→ Mod-R which realize the
tilting counter equivalence, we prove that they commute with arbitrary coproducts. Then
we look for minimal conditions which guarantee that H is a Grothendieck category, prov-
ing that a key point is the behavior of HV with respect to direct limits. Furthermore, we
show thatH has an injective cogenerator if and only if (X ,Y) is cogenerated by a cotilting
R-module, and that (T ,F) splits inH if and only if any module inX has projective dimen-
sion at most one. The former result is a generalization of the known case of a Grothendieck
category (see [7, Theorem 4.1]); the latter is a kind of converse of the fact that (X ,Y) splits
whenever H is hereditary (see [8, Section 5]).
Section 4 deals with the case when (X ,Y) is a hereditary cotilting torsion theory (in
the sense of [15]), proving that H is necessarily Grothendieck. As an application, we show
that even in case of classical torsion classes in Mod-Z (torsion abelian groups, divisible
abelian groups, and the zero group, respectively), the associated Hearts are very different
from each other with respect to category theoretical properties.
In Section 5 we look for necessary or sufficient conditions in order thatH is (equivalent
to) a module category. Using results contained in [1,4], we prove that this is the case exactly
when H is the Heart associated to the cocomplete aisle generated by a tilting complex in
Mod-R. Moreover we show that this happens whenever (X ,Y) is a tilting torsion theory
in Mod-R.
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Given an abelian category H and an object C ∈ H, we denote by GenC the class of
all the objects generated by C and, dually, by CogenC the class of objects cogenerated
by C. Moreover C is said to be selfsmall if HomH(C,C(α)) ∼= HomH(C,C)(α) canoni-
cally, whenever a coproduct of α copies of C exists in H.
Definition 1.1. Let R be a ring and Mod-R the category of right R-modules.
(1) A module V ∈ Mod-R is said to be tilting if V is self-small and GenV =
Ker Ext1R(V,−).
(2) A module U ∈ Mod-R is said to be cotilting if CogenU = Ker Ext1R(−,U).
In particular if V is a tilting module, then GenV is a torsion class containing the injec-
tives, so that any module embeds into a module in GenV . Dually, if U is cotilting, then
CogenU is a torsionfree class containing the projectives, and so it is faithful.
In general an abelian category has neither enough injectives nor enough projectives.
Nevertheless, by means of the Yoneda Ext groups, the notion of a tilting module was gen-
eralized in [8] to abelian categories as follows.
Definition 1.2. An object V of an abelian category H is said to be tilting if:
(i) there exist in H arbitrary coproducts V (α) of copies of V ,
(ii) V is selfsmall,
(iii) GenV = Ker Ext1H(V ,−),(iv) any object of H embeds in an object of GenV .
One of the main features of the tilting theory is that any tilting object V generates a
torsion theory (T ,F) and gives rise to exact equivalences T  Y and F  X , where
(X ,Y) is the associated “tilted” torsion theory in Mod- EndV . We refer to this pair of
equivalence as a counter equivalences between (T ,F) and (X ,Y) (see [5]). In the case of
a tilting module or, more generally, of a tilting object in a Grothendieck category, it turns
out that (X ,Y) is cogenerated by a cotilting EndVR-module. For a detailed description of
the tilting theory in case of module categories see [6, Chapter 3].
For convenience of the reader, we recall a version of the tilting theorem for abelian
categories, proved in [8, Theorem 3.2].
Theorem 1.3. Let V be a tilting object in an abelian category A, R = EndA(V ), HV =
HomA(V ,−), H ′V = Ext1A(V ,−), TV the left adjoint to HV , and T ′V the first left derivedfunctor of TV . Set
T = KerH ′V , F = KerHV , X = KerTV , Y = KerT ′V .
Then:
(a) (T ,F) is a torsion theory in A with T = GenV , and (X ,Y) is a torsion theory in
Mod-R;
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equivalences
T
HV−→←−
TV
Y and F
H ′V−→←−
T ′V
X ;
(c) TV H ′V = 0 = T ′V HV and HV T ′V = 0 = H ′V TV ;
(d) there are natural transformations θ and η that, together with the adjoint transforma-
tions ρ and σ , yield exact sequences
0 → TV HV (M) ρM−−→ M ηM−−→ T ′V H ′V (M) → 0
and
0 → H ′V T ′V (N) θN−→ N σN−−→ HV TV (N) → 0
for each M ∈A and for each N ∈ Mod-R.
When the abelian category we deal with is the Heart H(X ,Y) of a faithful torsion
theory in Mod-R, we know that V = R[1] is a tilting object in H(X ,Y) generating the
torsion theory (Y[1],X ) (see [13]). In this case the torsion pair (Y[1],X ) tilts to the orig-
inal torsion theory (X ,Y) in Mod-R by means of the functors HV = H−1, H ′V = H 0,
TV (M) = (ι(M/t(M)))[1], T ′V = ι(t (M)), where ι denotes the natural embedding of
Mod-R into Db(Mod-R) and t (M) is the (X ,Y)-torsion part of M . For an exhaustive
description of the role of the Heart in tilting theory we refer to [8,13].
2. Morita equivalence
If A is an abelian category with a tilting object VA, let us denote by (TA,FA) the
associated torsion theory and by (X ,Y) the “tilted” torsion theory in R = EndVA.
The following result is dual to Proposition 3.2 in [10].
Lemma 2.1. If A ∈ A and 0 → A → A′1 → A′2 → 0 and 0 → A → A′′1 → A′′2 → 0 are
exact sequences with A′1,A′2,A′′1,A′′2 ∈ TA, then there are a third exact sequence 0 →
A → A1 → A2 → 0 with A1,A2 ∈ TA and maps making the diagram
0 A A′1 A′2 0
0 A A1 A2 0
0 A A′′1 A′′2 0
commutative.
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plete the sequence with the cokernel.
The next one is dual to the construction preceding Theorem 3.4 in [10].
Lemma 2.2. If f :A → A′ is a map in A and 0 → A → A1 → A2 → 0 is an exact
sequences, with A1,A2 ∈ TA, then there is a second exact sequence 0 → A′ → A′1 →
A′2 → 0, with A′1,A′2 ∈ TA, and maps f1 :A1 → A′1 and f2 :A2 → A′2 making the dia-
gram
0 A
f
A1
f1
A2
f2
0
0 A′ A′1 A′2 0
commutative.
Proof. A′ can be embedded in some A′0 ∈ TA. Now take for A′1 the push-out of the
monomorphism A → A1 and of the composed map A f−→ A′ → A′0, and complete the
diagram with the cokernel of the new monomorphism A′ → A′1.
Now we are ready to prove the main result of this section. For a more general setting,
see also [11].
Theorem 2.3. Let A and B be abelian categories with tilting objects VA ∈A and VB ∈ B.
Assume that EndVA ∼= EndVB , and that VA and VB induce a counterequivalence with the
same torsion theory (X ,Y). Then A and B are equivalent.
Proof. For the sake of simplicity, instead of HVA we write HA and similarly for the other
three functors involved.
We will explicitly define two mutually inverse functors F :A → B and G :B → A,
whose actions extend the equivalences TA TB and FA FB obtained by composing
the two torsion theory counter equivalences induced by VA and VB .
Any object A ∈A admits an exact sequence
0 → A → A1 α−→ A2 → 0 (∗)
with A1,A2 ∈ TA (see Definition 1.2). From (∗) we obtain the exact sequence in Mod-R
0 HAA HAA1
σ
HA(α)
HAA2 H ′AA 0
C
(∗∗)
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0 0
0 TBHAA
iA
F (A)
pA
jA
T ′BH
′
AA
δA
0
0 TBHAA TBHAA1
TB(σ )
TBHA(α)
TBC 0
TBHAA2 TBHAA2
0 0
(∗∗∗)
where the dashed arrows represent a pullback. Note that the upper exact row shows that
F(A) has TBHAA as its torsion part and T ′BH
′
AA as its torsionfree part, and the exact
column in the middle shows that F(A) = KerTBHA(α).
Let us now consider any morphism f :A → A′ in A and an arbitrary exact sequence
(∗) for A. Then Lemma 2.2 gives a commutative diagram with exact rows in A
0 A
f
A1
α
f1
A2
f2
0
0 A′ A′1
α′
A′2 0
(+)
and so we obtain an analogous diagram in B
0 F(A)
jA
F(f )
TBHAA1
TBHA(α)
TBHA(f1)
TBHAA2
TBHA(f2)
0
0 F(A′)
jA′
TBHAA′1
TBHA(α′)
TBHAA′2 0
(++)
where F(f ) is the unique map making the diagram commutative.
Now we have to show that the object F(A) does not depend on the choice of (∗).
First let us prove that from the naturality of (∗∗∗) we have the further commutative
diagram with exact rows in B
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iA
TBHA(f )
F (A)
pA
F(f )
T ′BH
′
AA
T ′BH ′A(f )
0
0 TBHAA′
iA′
F(A′)
pA′
T ′BH
′
AA
′ 0
(+++)
where F(f ) is the same map defined in (++). To see that, starting from (+) and consid-
ering (∗∗) for A and A′, we obtain the two diagrams
0 HAA
HA(f )
HAA1
σ
HA(f1)
C
ϕ
0
0 HAA′ HAA′1
σ ′
C′ 0
and
0 C
ϕ
HAA2
HA(f2)
H ′AA
H ′A(f )
0
0 C′ HAA′2 H
′
AA
′ 0
which, respectively, produce the two commutative diagrams
TBHAA1
TB(σ )
TBHA(f1)
TBC
TB(ϕ)
TBHAA′1
TB(σ ′)
TBC′
(1)
and
T ′BH
′
AA
δA
T ′BH ′A(f )
TBC
TB(ϕ)
T ′BH
′
AA
′ δA′
TBC′
(2)
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TBHAA
iA
TBHA(f )
F (A)
pA
jA
F(f )
T ′BH
′
AA
δA
T ′BH ′A(f )
TBHAA′
iA′
F(A′)
pA′
jA′
T ′BH
′
AA
′
δA′
TBHAA1
TB(σ )
TBHA(f1)
TBC
TB(ϕ)
TBHAA′1
TB(σ ′)
TBC′
The front and the back face commute, owing to (∗∗∗). The left face commutes because
of (++), and the right because of (2). Moreover the bottom face commutes thanks to (1).
So, by diagram chasing, we see that
δA′T
′
BH
′
A(f )pA = δA′pA′F(f )
and so, since δA′ is monic, the top right face commutes too. Finally, again by diagram
chasing and using (∗∗∗), we see that
jA′F(f )iA = TBHA(f1)jAiA = jA′ iA′TBHA(f )
and so, since jA′ is monic, the top left face commutes too. This proves the commutativity
of the diagram (+++).
We are at last arrived to see that, for the particular choice f = idA in (+), Lemma 2.1
together with the diagram (+++) ensures that F(A) does not depend (up to isomorphism)
on the choice of the sequence (∗).
Moreover, both (++) and (+++) define the action of F on the maps of A, and it is
clear that F :A→ B is a functor extending both TBHATA and T ′BH ′AFA .
In the same way one can define a functor G :B → A, extending both TAHBTB and
T ′AH
′
BFB .
Finally, let us show that F is an equivalence. Take any A ∈A and an exact sequence (∗)
for A. Then
0 → F(A) → TBHAA1 TBHA(α)−−−−−−→ TBHAA2 → 0
is an exact sequence of type (∗) for F(A) in B. Since the natural transformation
TAHA → idA induces an isomorphism on TA (and similarly for B), we obtain the com-
mutative diagram with exact rows
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α
∼=
A2
∼=
0
0 GF(A) TAHBTBHAA1
TAHBTBHA(α)
TAHBTBHAA2 0
This shows that the left vertical map is a natural isomorphism between A and GF(A).
Similarly one can show, for any B ∈ B, the existence of a natural isomorphism
B
∼=−→ FG(B). 
Since H(X ,Y) is an abelian category with a tilting object which tilts to (X ,Y) in
Mod-R, we get the following statement.
Corollary 2.4. Any abelian category A with a tilting object which tilts to (X ,Y) is equiv-
alent to the Heart H(X ,Y).
3. Properties of the Heart
In all this section H will denote an abelian category admitting a tilting object V with
R = EndH V . Moreover (T ,F) and (X ,Y) will denote the associated counter equiv-
alent torsion theories in H and in Mod-R, respectively, and HV ,H ′V :H → Mod-R,
TV ,T
′
V : Mod-R →H the involved additive functors.
Since all the results we deal with are of category-theoretic type, we will implicitly as-
sume (without loss of generality, owing to Corollary 2.4) that H=H(X ,Y) any time this
will simplify our proofs.
Lemma 3.1. H is an AB3 category, i.e., arbitrary coproducts exist, and the functors HV
and H ′V commute with coproducts.
Proof. In the proof of Lemma 4.1 in [8] it is shown that arbitrary coproducts in H(X ,Y)
exist, and that they are defined componentwise. Therefore both H−1 = HV and H 0 = H ′V
preserve them.
Note that in particular the condition “HV commutes with coproducts” says that any
tilting object V in H is necessarily small.
Lemma 3.2. H is an AB4 category, i.e., any coproduct of exact sequences is an exact
sequence.
Proof. Let 0 → Xλ → Yλ → Zλ → 0, with λ ∈ Λ, be a family of exact sequences in H.
Recalling that the coproduct functor is right exact, since it is a left adjoint, we get exact
sequences
0 → K →∐Xλ →∐Yλ →∐Zλ → 0 (1)
850 R. Colpi et al. / Journal of Algebra 307 (2007) 841–863and
0 → K →∐Xλ → C → 0, 0 → C →∐Yλ →∐Zλ → 0. (2)
From the first sequence in (2) we get the long exact sequence
0 → HV (K) → HV (∐Xλ) → HV (C) → H ′V (K) → H ′V (
∐
Xλ) → H ′V (C) → 0 (3)
and from the second sequence in (2), using Lemma 3.1, we get the commutative diagram
with exact rows
0 HV (C) HV (
∐
Yλ) HV (
∐
Zλ) · · ·
0 HV (
∐
Xλ) ∼=⊕HV (Xλ) ⊕HV (Yλ)
∼=
⊕
HV (Zλ)
∼=
· · ·
· · · H ′V (C) H ′V (
∐
Yλ) H
′
V (
∐
Zλ) 0
· · · H ′V (
∐
Xλ) ∼=⊕H ′V (Xλ)
⊕
H ′V (Yλ)
∼=
⊕
H ′V (Zλ)
∼=
0
which shows that the maps HV (
∐
Xλ) → HV (C) and H ′V (
∐
Xλ) → H ′V (C) are both iso-
morphisms. Finally, from the exactness of (3) we see that HV (K) = 0 = H ′V (K), and so
we can conclude that K = 0. Comparing this with (1) we get the thesis. 
On the contrary, in general direct limits in H are not exact (see Corollary 4.3). Never-
theless we have the following partial result.
Lemma 3.3. If HV commutes with direct limits, then H is AB5, i.e., direct limits are exact.
Proof. This is a slight adaptation of the proof of Lemma 3.2, taking into account the fact
that both HV and H ′V commute with direct limits (H ′V is a left adjoint functor, by condi-
tion (d) in 1.3). 
Lemma 3.4. If H is AB5 then it is a Grothendieck category.
Proof. Since V generates a tilting torsion class, for any object X there are an embedding
X ↪→ Y and an epimorphism ϕ :V (Λ)  Y . For any finite subset F of Λ, let ϕF be the
restriction of ϕ to V (F), and consider the commutative diagram
XF
ψF
V (F)
ϕF
X Y
(F)
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additive and left exact by assumption, they preserve pullbacks; thus, applying the direct
limit to (F), we get a pullback diagram
lim−→XF
lim−→ψF
V (Λ)
ϕ
X Y
which shows that lim−→ψF is an epimorphism. This proves that
{
Z | Z  V n, n ∈ N}
is a family of generators for H. 
We see clearly that, in order to determine when H is Grothendieck, a key point is to
establish when HV commutes with direct limits. Here we show that there is always a
canonical epimorphism
lim−→HV Xλ → HV (lim−→Xλ) → 0.
We first need a lemma proving a purity property for the canonical representation of a
direct limit.
Lemma 3.5. Let A be an AB3 category, B an AB5 category, and F :A→ B a right exact
additive functor commuting with direct limits. For any direct system (Mλ,fλμ) in A, let us
consider the canonical exact sequence
0 → K →∐Mλ → lim−→Mλ → 0.
Then the associated sequence
0 → F(K) → F(∐Mλ) → F(lim−→Mλ) → 0
is exact.
Proof. For each λ we have a pullback diagram
0 K
∐
Mλ lim−→Mλ 0
0 K Xλ Mλ
fλ
iλ
0
852 R. Colpi et al. / Journal of Algebra 307 (2007) 841–863with a split second row (from the pullback property). Applying the direct limit functor to
these diagrams, we get a commutative diagram with exact rows
0 K
∐
Mλ lim−→Mλ 0
· · · K lim−→Xλ lim−→Mλ
∼=
0
which shows that 0 → K → lim−→Xλ → lim−→Mλ → 0 is a short exact sequence and lim−→Xλ ∼=∐
Mλ. Applying the functor F we obtain the commutative diagram with exact rows
· · · F(K) F(∐Mλ) F(lim−→Mλ) 0
· · · F(K) F(lim−→Xλ)
∼=
F(lim−→Mλ)
∼=
0
0 F(K) lim−→F(Xλ)
∼=
lim−→F(Mλ)
∼=
0
where the last row is short exact because it is obtained as a direct limit of (split) short exact
sequences in B. This proves that the sequence
0 → F(K) → F(∐Mλ) → F(lim−→Mλ) → 0
is short exact. 
Corollary 3.6. For any direct system (Xλ, ξλμ) in H the canonical map
ϕ : lim−→HV Xλ → HV (lim−→Xλ)
is an epimorphism in Mod-R.
Proof. Given the canonical exact sequence 0 → K → ∐Xλ → lim−→Xλ → 0, we get the
long exact sequence
0 → HV K → HV (∐Xλ) α−→ HV (limXλ) → H ′ K β−→ H ′ (∐Xλ) → H ′ lim(Xλ) → 0.−→ V V V −→
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applies to F = H ′V , proving that β is monic. Therefore α is epic. Finally, the canonical
commutative square
⊕
HV Xλ
∼=
lim−→HV Xλ
ϕ
HV (
∐
Xλ)
α
HV (lim−→Xλ) 0
where the first vertical map is an isomorphism by Lemma 3.1, shows the thesis. 
We can sum up what we have got so far as follows.
Theorem 3.7. The following conditions are equivalent:
(a) H is a Grothendieck category,
(b) for any direct system (Xλ, ξλμ) in H the canonical map
ϕ : lim−→HV Xλ → HV (lim−→Xλ)
is a monomorphism in Mod-R,
(c) the functor HV commutes with direct limits.
If Y is closed under direct limits, then the previous conditions are equivalent to:
(d) the functor TrV = TV HV commutes with direct limits.
Proof. (a) ⇒ (c) has been proved in [7, Proposition 4.2].
(c) ⇒ (b) is trivial.
(b) ⇒ (a). By Corollary 3.6 the functor HV commutes with direct limits. So Lemma 3.3
applies, proving that H is AB5. Finally Lemma 3.4 shows that H is Grothendieck.
(c) ⇒ (d) follows from the fact that TV is a left adjoint functor, and so it commutes with
direct limits.
Now, let us assume that Y is closed under direct limits. Assuming (d), let us prove (c).
The composition of the canonical isomorphisms TV (lim−→HV Xλ) ∼= lim−→TV HV (Xλ) ∼=
TV HV (lim−→Xλ) gives a canonical isomorphism between the TV -images of the two
R-modules lim−→HV Xλ and HV (lim−→Xλ) which belong to Y . Since TV induces an equiv-
alence between Y and T , we conclude that lim−→HV Xλ ∼= HV (lim−→Xλ) canonically. 
It is well known that any Grothendieck category has an injective cogenerator. Now we
show that a necessary and sufficient condition in order that H has an injective cogenerator
is that the torsion theory (X ,Y) is cogenerated by a cotilting module. This generalizes a
result in [7]; see also [11].
854 R. Colpi et al. / Journal of Algebra 307 (2007) 841–863Proposition 3.8. An object W ∈H is an injective cogenerator if and only if W ∈ T and
HV W is a cotilting R-module such that Y = CogenHV W .
Proof. Let W be an injective cogenerator of H; then W ∈ T = Ker Ext1H(V ,−).
Let N ∈ Y and consider the intersection N0 of the kernels of all morphisms from N to
HW . First let us prove that N0 = 0. Since N/N0 embeds into a product of copies of HW ,
it belongs to Y . Hence the sequence 0 → TV N0 → TV N → TV (N/N0) → 0 is exact. If
TV N0 = 0, there exists a non-zero morphism f :TV N0 → W which extends to a morphism
g :TV N → W . This is a contradiction to the definition of N0. Therefore Y ⊆ CogenHV W ;
the reverse inclusion is obvious.
Let us prove that HV W is a cotilting module, showing that CogenHV W =
Ker Ext1R(−,HV W). Let N ∈ Y = CogenHV W and take an exact sequence 0 → HV W →
X → N → 0; this sequence has terms in Y , so the sequence 0 → W → TV X → TV N → 0
is exact. Since W is injective, this sequence splits and the same does the original one.
Therefore N ∈ Ker Ext1R(−,HV W).
Conversely, let Ext1R(N,HV W) = 0 and take an exact sequence 0 → N1 → N0 →
N → 0, with N0,N1 ∈ Y . Applying TV we get 0 → T ′V N → TV N1 → TV N0 →
TV N → 0, to which we can apply the exact functor HomH(−,W). Therefore we obtain
the commutative diagram with exact rows
0 HomH(TV N,W)
∼=
HomH(TV N0,W)
∼=
· · ·
0 HomR(N,HV W) HomR(N0,HV W) · · ·
· · · HomH(TV N1,W)
∼=
HomH(T ′V N,W) 0
· · · HomR(N1,HV W) 0
so that HomH(T ′V N,W) = 0 and T ′V N = 0, i.e., N ∈ Y .
Assume now that U ∈ Y is a cotilting module and that Y = CogenU . Set W = TV U ;
we want to show that W is an injective cogenerator of H.
Suppose W embeds into an object M ∈ T ; then the exact sequence 0 → W → M →
M/W → 0 splits, because this is the case for the exact sequence 0 → HV W → HV M →
HV (M/W) → 0, by hypothesis. If W embeds into an object M ∈H, then M embeds into
M ′ ∈ T ; therefore W is a summand of M ′ and so also a summand in M . This shows that
W is injective in H.
In order to see that W is a cogenerator, it is only needed to show that, for any M ∈H,
HomH(M,W) = 0 implies M = 0, since W is injective.
Assume HomH(M,W) = 0; by considering the canonical exact sequence 0 →
TV HV M → M → T ′V H ′V M → 0, we get that HomH(T ′V H ′V M,W) = 0. Take an ex-
act sequence 0 → N1 → N0 → H ′ M → 0, with N0,N1 ∈ Y to get the exact sequenceV
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to the original one HomR(−,U), to get the diagram
0 HomH(TV N0,W)
∼=
HomH(TV N1,W)
∼=
0
0 HomR(N0,U) HomR(N1,U) Ext1R(H
′
V M,U) 0
which shows that Ext1R(H
′
V M,U) = 0; then H ′V M ∈ Y , so that H ′V M = 0 and M ∈ T ;
hence M = 0, because HomH(M,W) ∼= HomR(HV M,U). 
In particular, in case of H=H(X ,Y), we have
Corollary 3.9. A faithful torsion theory (X ,Y) in Mod-R is cogenerated by a cotilting
module if and only if H(X ,Y) has an injective cogenerator.
A well-known result in representation theory says that the tilted torsion theory (X ,Y)
splits whenever the tilting module is taken in a hereditary algebra. Moreover, in this case,
inj dimX  1 and proj dimY  1. This was recently extended to the case of tilting objects
in abelian categories (see [8, Section 5]). We end this section analyzing a converse problem,
i.e., characterizing the case in which (T ,F) splits.
Theorem 3.10. The torsion theory (T ,F) splits in H if and only if
proj dimX  1.
Proof. First let us assume that proj dimX  1. Given an element C ∈ H(X ,Y), it is
possible to find a complex of projective modules quasi-isomorphic to C (see [18, Theo-
rem 10.4.8]). Applying to this complex the truncation in degree −1, we can think of C as
a complex
0 → Q f−→ P → 0
with P projective, Kerf ∈ Y and Cokerf ∈ X . Now Imf  P is projective since
proj dimX  1, so that the sequence
0 → Kerf → Q → Imf → 0
splits. Thus it is easy to see that the complex 0 → Q f−→ P → 0 is the direct sum of the
complexes
0 → Kerf → 0 → 0 and 0 → Imf → P → 0
which belong to Y and X , respectively.
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for any R-module X ∈X and for any exact sequence
0 → K → P → X → 0 (1)
in Mod-R with P projective, the module K is projective too. From (1) we get the exact
sequence
0 → T ′V X → TV K → TV P → 0. (2)
On the other hand, since TV K belongs to T = PresV (see [8, Definition 2.3 and Proposi-
tion 2.1]), there is an exact sequence
0 → L → V (α) → TV K → 0 (3)
in H, where L ∈ T . From (2) we get the exact row
Ext1H(TV P,L) → Ext1H(TV K,L) → Ext1H
(
T ′V X,L
)
,
where Ext1H(TV P,L) = 0 since TV P ∈ AddV and L ∈ T (see [8, Proposition 8.1]),
and moreover Ext1H(T
′
V X,L) = 0 by assumption, since T ′V X ∈ F and L ∈ T . This gives
Ext1H(TV K,L) = 0. In particular the exact sequence (3) splits, showing that the R-module
K ∼= HV TV K is a direct summand of HV V (α) ∼= R(α), and so it is projective. 
4. When (X ,Y) is hereditary cotilting
If H is a Grothendieck category then it has an injective cogenerator and so, as proved in
the previous section, the torsion theory (X ,Y) in Mod-R is necessarily cogenerated by a
cotilting module. We do not know if the converse is true, but we suspect that it is not, since
we believe possible the existence of an abelian, non-Grothendieck category admitting both
an injective cogenerator and a tilting object.
Anyway, we are able to prove a partial converse, in the special case in which (X ,Y) is
hereditary, i.e., X is closed under submodules. Cotilting modules cogenerating hereditary
torsion theories are called hereditary cotilting and are studied in [15].
We need first a lemma proving that a direct limit in H(X ,Y) between objects in T can
be computed in Mod-R, whenever Y is closed under direct limits.
Lemma 4.1. Let (X ,Y) be a faithful torsion theory in Mod-R such that Y is closed under
direct limits. Then for any direct system (Xλ, ξλμ) in H(X ,Y) such that each Xλ is in T ,
the object lim−→Xλ is in T and lim−→Xλ ∼= (lim−→H−1Xλ)[1] canonically.
Proof. Clearly lim−→Xλ is in T , since T is closed under coproducts and factors. On the
other hand each H−1Xλ is in Y , and so the direct limit of right R-modules limH−1Xλ is−→
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lim−→Xλ ∼= lim−→(TV HV Xλ) ∼= TV
(
lim−→H
−1Xλ
)= (lim−→H−1Xλ
)[1]. 
Theorem 4.2. Let R be any ring, and let (X ,Y) be a hereditary cotilting torsion theory in
Mod-R. Then H(X ,Y) is a Grothendieck category.
Proof. By assumption, Y = CogenU = ⊥U for a module U ∈ Mod-R such that its injec-
tive envelope EU belongs to Y (see [15]). Moreover, by Proposition 3.2 in [2], Y is closed
under direct limits.
Owing to Theorem 3.7, it is enough to prove that for any direct system (Xλ, ξλμ) in
H(X ,Y) the canonical epimorphism ϕ : lim−→H−1Xλ → H−1 lim−→Xλ is monic.
First, let us fix some notation regarding the direct system (Xλ, ξλμ) in H(X ,Y). We
can represent each Xλ as a complex of the form
· · · → 0 → X−1λ xλ−→ X0λ → 0 → ·· ·
and, for any λ μ, the connecting homomorphism is of the form ξλμ = kλμ s−1λμ
ξλμ
· · · 0 X−1λ
xλ
X0λ 0 · · ·
· · ·
sλμ
kλμ
0 C−1λμ
s−1λμ
k−1λμ
cλμ
C0λμ
s0λμ
k0λμ
0 · · ·
· · · 0 X−1μ
xμ
X0μ 0 · · ·
where Cλμ is in H(X ,Y), sλμ is a quasi-isomorphism, and kλμ is a morphism of com-
plexes. In the sequel, for simplicity, we will denote by ξ¯λμ = H−1(ξλμ) and by t¯λμ the
inverse of H−1(sλμ). Note that (H−1(Xλ), ξ¯λμ) is a direct system in Mod-R.
Now, let us denote X = Kerϕ, so that we have the exact sequence in Mod-R
0 → X → lim−→H−1Xλ
ϕ−→ H−1 lim−→Xλ → 0. (1)
In order to prove that X = 0, first note that X ∈ Y , since H−1Xλ ∈ Y and Y is closed
under submodules and direct limits. It remains to prove that X∈X , i.e., HomR(X,U)=0.
For this purpose we will show that HomR(X,EU) = 0. On the other hand, applying
HomR(−,EU) to (1) we obtain the exact sequence
HomR
(
H−1 limXλ,EU
) HomR(ϕ,EU)−−−−−−−−→ HomR
(
limH−1Xλ,EU
)→ HomR(X,EU) → 0−→ −→
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i.e., for any morphism ψ there exists η such that the diagram
lim−→H
−1Xλ
ϕ
ψ
H−1 lim−→Xλ
η
EU
(2)
commutes.
Now ψ is induced by a family of maps ψλ :H−1Xλ → EU which is compatible with
the connecting maps ξ¯λμ :H−1Xλ → H−1Xμ. Let us extend each ψλ to a map gλ :X−1λ →
EU , i.e.,
0 H−1Xλ
ψλ
X−1λ
gλ
EU
in order to define a morphism of complexes fλ given by
· · ·
fλ
0 X−1λ
xλ
gλ
X0λ 0 · · ·
· · · 0 EU 0 0 · · ·
Note that fλ is a morphism in H(X ,Y) since EU ∈ Y .
Our next goal is to prove that the family of maps fλ is compatible with the original
direct system (Xλ, ξλμ) in H(X ,Y), i.e., fμξλμ = fλ for any λ  μ. Starting from the
diagram
fλ
ξλμ
· · · 0 X−1λ
gλ
xλ
X0λ 0 · · ·
· · ·
sλμ
kλμ
0 C−1λμ
s−1λμ
k−1λμ
cλμ
C0λμ
s0λμ
k0λμ
0 · · ·
fμ
· · · 0 X−1μ
xμ
gμ
X0μ 0 · · ·
· · · 0 EU 0 0 · · ·
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making the diagram
· · · 0 C−1λμ
gλ s
−1
λμ−gμ k−1λμ
cλμ
C0λμ
h
0 · · ·
· · · 0 EU 0 0 · · ·
commutative. First let us note that gλs−1λμ − gμk−1λμ induces the zero map on H−1Cλμ =
Im t¯λμ. Indeed
gλs
−1
λμ t¯λμ − gμk−1λμ t¯λμ = ψλ −ψμξ¯λμ = 0.
Then the morphism gλs−1λμ − gμk−1λμ induces a natural map from C−1λμ /H−1Cλμ ∼= Im cλμ
to EU which can be extended to the desired homotopy h :C0λμ → EU .
Therefore the family fλ defines a unique map f in H(X ,Y)
f = lim−→fλ : lim−→Xλ → EU [1].
Set η = H−1f :H−1 lim−→Xλ → EU . Summing up, and using Lemma 4.1, we get the dia-
gram in H(X ,Y)
H−1Xλ[1]
ψλ
(lim−→H
−1Xλ)[1]
∼=
ϕ
lim−→(H
−1Xλ)[1]
ψ(H−1 lim−→Xλ)[1]
η
lim−→Xλ
f
EU [1]
where each triangle and each square commutes. This finally proves the commutativity of
the diagram (2). 
As an application of the results contained in this and in the previous sections, we see that
starting from different, though classical, torsion theories in Mod-Z, one obtains associated
Hearts which are very different from each other from a categorical point of view.
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divisible groups; (2) R is the class of reduced groups; (3) T is the class of (usual) torsion
groups; (4) F is the class of (usual) torsion-free groups.
Corollary 4.3. For the following torsion pairs in Mod-Z, it holds:
(a) H(D,R) is a hereditary AB4 category with a splitting tilting torsion theory, which is
not a AB5 category;
(b) H(T ,F) is a non-hereditary Grothendieck category with a splitting tilting torsion
theory, which is not equivalent to any module category;
(c) H(0,Mod-Z) ∼= Mod-Z is a hereditary module category.
Proof. First let us note that in all the three cases, by Theorem 3.10, the tilting torsion
theory in the Heart splits.
(a) Since (D,R) is a faithful splitting torsion theory in a hereditary ring, from Theo-
rem 6.4 in [8] and Lemma 3.2 we see that H(D,R) is a hereditary AB4 category. Since R
is not closed under direct limits, we see from Proposition 3.2 in [2] that the torsion theory
(D,R) is not cogenerated by a cotilting module, and soH(D,R) cannot be a Grothendieck
category, by Corollary 3.9. Finally, Lemma 3.4 guarantees that H(D,R) is not AB5.
(b) Since (T ,F) is a cotilting (see [9, Proposition 2.15]) hereditary torsion theory,
H(T ,F) is a Grothendieck category, by Theorem 4.2. Moreover, from Proposition 5.2
in [8] we see that H(T ,F) cannot be hereditary, since (T ,F) is not splitting. Finally,
H(T ,F) cannot be equivalent to any module category, because T is not closed under infi-
nite direct products. Indeed, if H(T ,F) is equivalent to a module category, then the tilting
module V is finitely presented over R and so T = Ker(− ⊗R V ) is closed under arbitrary
direct products (see [7, Proposition 3.4 and Theorem 4.1]).
(c) Obvious. 
5. When the Heart is a module category
In this section we investigate conditions for the Heart of a faithful torsion theory to be a
category of modules. Note that a partial result in this direction is given by Corollary 3.9.
First recall that a subcategory U of D(Mod-R) is said to be a pre-aisle if U[1] ⊆ U and
given a triangle X → Y → Z → X[1] such that X,Z ∈ U , then also Y ∈ U . In particular,
a pre-aisle is closed under taking mapping cones. A pre-aisle is said to be cocomplete if
it is closed under arbitrary coproducts. Moreover, a pre-aisle U is called an aisle if the
canonical embedding U ↪→D(Mod-R) has a right adjoint.
In [1, Proposition 3.2] it is proved that given any complex C, the smallest cocomplete
pre-aisle UC containing C is actually an aisle. Hence (UC,U⊥C [1]) is a t-structure, called
the t-structure generated by C, and HC = UC ∩ U⊥C [1] is the associated heart. For these
and further notions regarding t-structures and associated hearts we refer to [1,14]. For
the notion of a tilting complex T ∈ Db(Mod-R) and associated t-structures we refer to
[14,16,17].
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Then H(X ,Y) is equivalent to Mod-S if and only if there exists a tilting complex
E ∈Db(Mod-R) such that the associated heart HE coincides with H(X ,Y). In this case
S = End(E).
Proof. By [1, Proposition 6.3], if E ∈Db(Mod-R) is a tilting complex, then HE is AB3
and E ∈HE is a progenerator, so that HE is equivalent to Mod-S, where S = End(E).
Conversely, if H(X ,Y) ∼= Mod-S for a ring S, then the tilting object V = R[1] ∈
H(X ,Y) is actually a tilting right S-module, and the stalk complex V is a tilting complex
in Db(Mod-S). Then [4, Theorem 2.1] applies to give that Db(Mod-S) and Db(Mod-R)
are equivalent as triangulated categories, since R = End(V ). Hence, by [16, Theorem 6.4],
there exists a tilting complex E ∈ Db(Mod-R) such that S = End(E). Thus, again by
[1, Proposition 6.3], we see that the heart HE of the t-structure generated by E is equiva-
lent to Mod-S, and so to H(X ,Y). 
In particular, when in the torsion theory (X ,Y) the class X is a tilting class, then the
Heart H(X ,Y) satisfies the condition of the previous proposition and so it turns out to be
a category of modules.
Proposition 5.2. If (X ,Y) is a torsion theory in Mod-R such that X = GenE for a tilting
right R-module E, then the heart HE of the t-structure in D(Mod-R) generated by E
coincides with H(X ,Y).
Proof. First we shall show that the smallest cocomplete pre-aisle containing E is
UE =
{
C ∈D(Mod-R) | H 0(C) ∈X and Hi(C) = 0 for i > 0}.
To begin with, the category UE is clearly closed under positive translations, arbitrary di-
rect sums and summands, and contains the stalk complex E. Moreover, let X → Y →
Z → X[1] be a triangle such that X,Z ∈ UE , and consider the long exact sequence
· · ·H−1Z → H 0X → H 0Y → H 0Z → 0 → H 1Y → 0 · · · ;
since H 0X,H 0Z ∈X andX is closed under factors and extensions, it follows that Y ∈ UE .
This proves that UE is a cocomplete pre-aisle containing E.
In order to show that UE is contained in any cocomplete pre-aisle U containing E,
by Proposition 3.2 and Corollary 1.4 in [1], we can assume U to be closed under direct
summands. Let X ∈ X and let Q : · · · → E−1 → E0 → 0 be a complex quasi-isomorphic
to the stalk complex X, where Ej ∈ AddE for all j  0. Then Q is the direct limit in
C(Mod-R), the category of complexes in Mod-R, of the direct system ({Qi}, ιi)i∈N, where
Qi : 0 → E−i → ·· · → E0 → 0 and ιi is the natural inclusion of Qi into Qi+1. Note that
the complexes Qi are obtained as iterated mapping cones in C(AddE); since the stalk
complex E is in U , we get that Qi ∈ U for any i  0. By [1, Lemma 2.1], we conclude that
Q ∈ U . Moreover, from the existence of an exact sequence of right R-modules 0 → R →
E′ → E′′ → 0 with E′,E′′ ∈ AddE, we see that R[1] is quasi-isomorphic to the mapping
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now any complex N such that Hi(N) = 0 for i > −1. Since N is quasi-isomorphic to a
complex · · ·P−2 → P−1 → 0 where Pj ∈ AddR for any j < 0, and since R[1] ∈ U , with
a similar argument as before we derive that N ∈ U .
Finally, let C be a complex in UE ; denoting by σ the usual truncation functor, we have
the triangle σ−1C → C → σ>−1C → σ−1C[1], where σ>−1C is quasi-isomorphic to
the stalk complex H 0(C). For the two previous arguments, σ−1C and σ>−1C belong
to U , and so C ∈ U . This proves that UE ⊆ U .
We claim now that U⊥E coincides with
L= {C ∈D(Mod-R) | Hi(C) = 0 for i < 0 and H 0(C) ∈ Y}.
First remark that by [17, Lemma 2.3] we have
U⊥E =
{
C ∈D(Mod-R) | Hom(E[i],C)= 0 for i  0}.
In the sequel P : · · · → P−1 → P0 → 0 denotes a complex of projective right R-modules
quasi-isomorphic to E.
First let us show that U⊥E ⊆ L. Given C ∈ U⊥E , we prove that Hom(E,H iC) = 0 for any
i  0, and Ext1(E,H iC) = 0 for any i < 0. Indeed, on the one hand if Hom(E,H iC) = 0
for some i  0, we have a non-zero morphism f :P0 → E → Hi(C) that can be lifted to a
non-zero map of complexes between P [i] and C. On the other hand, if Ext1(E,H iC) = 0
for some i < 0, we have a non-split exact sequence 0 → Hi(C) → M → E → 0; from
this sequence we can construct a morphism g :P−1 → Hi(C), which can be lifted to a
non-zero map of complexes between P [i] and C. In both cases we obtain a contradiction
with the assumption Hom(E[i],C) = 0 for any i  0.
Conversely let us prove that L ⊆ U⊥E . We can clearly assume C to be a complex of
type 0 → C0 f−→ C1 → ·· ·, where Kerf ∈ Y . So we have to prove that Hom(P [i],C) = 0
for any i  0. Because of the shape of C, it is easy to see that any non-zero morphism
between P [i] and C induces a non-zero morphism between E and Kerf ; this contradicts
the assumption Kerf ∈ Y .
To conclude, we obtain that the heart of the t-structure (UE,U⊥E [1]) is the subcate-
gory HE consisting of complexes C ∈ D(Mod-R) such that H 0(C) ∈ X , H−1(C) ∈ Y ,
Hi(C) = 0 for i = 0,1, so it coincides with H(X ,Y). 
Corollary 5.3. If (X ,Y) is a faithful torsion theory generated by a tilting module E ∈
Mod-R, then H(X ,Y) ∼= Mod-S, where S = End(E).
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